In this paper, we have analytically investigated p-wave holographic superconductor in the framework of massive gravity in the probe limit. We obtained the analytical expressions for the critical temperature, the value of the condensate operator, and the difference of the free energy between the superconductor and normal phases. We studied the behavior of these quantities in the presence of graviton mass, which is found to be dependent crucially on the sign of the massive gravity couplings. For the (negative)positive massive gravity couplings, the critical temperature becomes (lower)higher and the condensate value gets (larger)smaller with increasing the coupling amplitude and graviton mass. This fact corresponds to that the superconductor phase is (more)less thermodynamically favored.
ity theory in (d + 1)-dimensional bulk AdS spacetime and the strongly coupled conformal field theory living on the d-dimensional boundary. Hence, this correspondence has been regarded as a powerful tool to explore physics of the strongly correlated system by using the weakly interacting gravitational dual in one higher dimension. Based on the ideal of the AdS/CFT correspondence, Hartnoll et al. built a model of s-wave holographic superconductor at which a complex scalar field is coupled to the U (1) gauge field in the framework of Einstein gravity [10, 11] . It was found that below a critical temperature RN-AdS black brane which is dual to the normal phase in the boundary field is the instability due to the condensate of the scalar field. Black brane with this nontrivial configuration of the scalar field is dual to the superconductor phase in the boundary theory. The model of s-wave holographic superconductor has been generalized to investigate p-wave holographic superconductor at which the spin-1 order parameter in the boundary theory is dual to a 2-form field [12] , a SU (2) Yang-Mills gauge field [13] , or a complex vector field [14] in the bulk theory.
The properties of holographic superconductors are dependent on the background of the black hole geometry as well as the action form of the U (1) gauge field. Since the investigation of holographic superconductors has received much attention in the literature, which are considered in alternative theories of gravity as well as in the nonlinear electrodynamics. The p-wave and s-wave holographic superconductors were investigated in Einstein-Gauss-Bonnet gravity [15] [16] [17] [18] [19] [20] [21] [22] [23] and in the nonlinear electrodynamics [24] [25] [26] [27] [28] [29] [30] . Also, the s-wave holographic superconductor was studied in massive gravity [31, 32] , in the background of the Lifshitz black hole geometry [33] , and in the background of the black hole surrounded by string cloud [34] . In addition, the p-wave holographic superconductor was considered in the background of the scalar hairy black hole [35] . This paper is organized as follows. In Sect. II, we introduce a p-wave holographic superconductor model in the probe limit in the black brane geometry background with the presence of graviton mass. In Sect. III, we use the Sturm-Liouville analytical method to obtain an expression for the critical temperature as a function of the charge density and then investigate the effect of massive gravity on the behavior of the critical temperature. In Sect. IV, we determine analytically the condensate value and study its behavior in the presence of graviton mass. In Sect. V, we calculate the free energy for the superconductor and normal phases. Finally, we conclude our main results in Sect. VI.
II. HOLOGRAPHIC DUAL MODEL
In this section, we construct a p-wave holographic superconductor model which is considered in the context of massive gravity. The corresponding action is described by
where R is the scalar curvature of the spacetime, l is the AdS radius, m g is the mass of graviton, c i are the coupling parameters, f is the reference metric which is of course a symmetric tensor, U i are symmetric polynomials in terms of the eigenvalues of the 4 × 4 matrix K µ ν = g µλ f λν given as
The matter term is given as
where F µν = ∇ µ A ν − ∇ ν A µ with A µ representing the U (1) gauge field, ρ µ is the complex vector field of the mass m and the charge q, D µ = ∇ µ − iqA µ , and γ refers to the magnetic moment of the complex vector field ρ µ . In this work we consider the case without the external magnetic field and hence the last term in (2) is set to zero.
We find a black brane solution with the metric ansatz
where h ij dx i dx j = dx 2 1 +dx 2 2 +...+dx 2 d−2 is the line element of the (d−2)-dimensional planar hypersurface. Following Ref. [36] , we consider the reference metric in the form as f µν = diag(0, 0, h ij ).
In addition, we adopt the following ansatz for the gauge field and complex vector field as
By varying the action (1) with the ansatz for the fields given above, we obtain the equations of motion in the probe limit as
Eq. (5) leads to
where r + is the event horizon radius. The temperature of the boundary field theory is identified as the Hawking temperature of the black brane and given by
For the fields well-behaving at the event horizon, we require the regularity condition as, φ(r + ) = 0 and ρ x (r + ) = m 2 ρ x (r + )/f (r + ). The asymptotic behavior of the fields near the AdS boundary (r → ∞) is given by
where ∆ ± = d − 3 ± (d − 3) 2 + 4m 2 l 2 /2, µ and ρ are the chemical potential and charge density, respectively. It should be noted that first the mass of the complex vector field satisfies the Breitenlohner-Freedman bound [37] as,
Second, according to AdS/CFT correspondence, either O x− or O x+ is interpreted as the source and the other is interpreted as the vacuum expectation value of the x-component of the vector operator in the dual field theory at the AdS boundary. From requiring that the condensate appears spontaneously, we impose the vanishing
By introducing the new coordinate z = r + r , one can rewrite Eqs. (6) and (7) as
In the following sections, we will solve these equations to investigate the properties of p−wave holographic superconductor in the black brane geometry background in the presence of graviton mass. In what follows, we fix q = 1 and l = 1 which can be chosen by using the scaling symmetries.
III. CRITICAL TEMPERATURE VERSUS CHARGE DENSITY
In this section, we determine the relation between the critical temperature T c , below which the condensate value O x+ is nonzero, and the charge density ρ. In order to obtain this relation, we employ the analytical approach based on the Sturm-Liouville eigenvalue problem.
At the critical temperature T c the condensate value O x+ vanishes and hence Eq. (12) becomes
The solution of this is obtained as
where r +c is the horizon radius of the black brane with the temperature T c , λ ≡ ρ r d−2 +c , and we have used the boundary condition φ(1) = 0 and the asymptotic behavior given at Eq. (10).
In the limit that the temperature is near the critical temperature T c , we can express ρ x (z) in the following form
where F (z) is the trivial function which satisfies the conditions F (0) = 1 and F (0) = 0 consistent to the asymptotic behavior given at Eq. (11). By substituting this form of ρ x (z) and the solution of φ(z) given at Eq. (15) into Eq. (13), we obtain the equation in the form of Sturm-Liouville equation as
where
,
withc n ≡ c n /r n +c for n = 1, 2, 3, 4. From the Sturm-Liouville eigenvalue problem, the eigenvalue λ 2 in Eq. (17) is obtained by minimizing the following expression
where the trial function F (z) is chosen as F (z) = 1 − βz 2 [38] . As a result, we can express the critical temperature T c in terms of the charge density ρ as
where λ min is the minimum value obtained from minimizing Eq. (19) . The effect of massive gravity on the critical temperature T c is showed through which it enters into both the expression of T c and λ min . It should be noted that only the couplings c 1,2 affect the critical temperature in the case of four dimensions. Whereas, the couplings c 3 and c 4 modify the critical temperature if the spacetime dimension is larger than four and five, respectively.
In figure 1 , we show the behavior of the critical temperature as a function of the charge density
for various values of the massive gravity couplings. We observe that the critical temperature in the presence of graviton mass is lower/higher than that in the case of massless graviton if the massive gravity couplings are negative/positive. It is also indicated that increasing the amplitude of the massive gravity couplings makes the critical temperature increasing or decreasing dependently on the sign of the massive gravity couplings. In figure 2 , we plot the critical temperature in terms of the charge density for different values of graviton mass. It is found that, if the massive gravity couplings are positive, the critical temperature increases with the growth of graviton mass. On the contrary, if the massive gravity couplings are negative, the critical temperature decreases with increasing of graviton mass. Therefore, the high temperature superconductors can be achieved in the framework of massive gravity with the proper parameters.
IV. CONDENSATE VALUE
In this section, we obtain an analytical expression for the condensate value O x+ and investigate the effect of massive gravity on the behavior of O x+ in terms of the temperature. In order to do this, we need to study the behavior of the gauge field by solving Eq. (12) . Near the critical temperature T c , the condensate value O x+ is small. Hence one can expand the function φ(z) near
where the function χ(z) satisfies the boundary condition χ(1) = χ (1) = 0. By substituting this expansion of φ(z) and the expression of ρ x (z) given at Eq. (16) into Eq. (12), we obtain
which can be rewritten in the following form
By integrating this equation with the boundary condition φ (1) = 0, we find
Expanding of φ(z) near the AdS boundary, corresponding to Eq. (21), is given by
By comparing the coefficients of z d−3 in the right-hand sides of Eqs. (10) and (25), we find
Finally, we obtain the expression for the condensate value O x+ as a function of the temperature
where In figures 3 and 4, we plot the dimensionless condensate value O x+ /T 1+∆ + c as a function of T /T c for various values of the massive gravity parameters. From these figures, we see that for the positive massive gravity couplings as their amplitude or the graviton mass increases, the value of the condensate operator becomes smaller. This suggests that the condensate gets easier to form, which is consistent with the behavior of the critical temperature obtained in the previous section.
On the contrary, for the negative massive gravity couplings, the value of the condensate operator becomes larger when increasing the amplitude of the massive gravity couplings and the graviton mass. On the other hand, in this situation, the condensate gets harder to form.
V. FREE ENERGY FOR THE SUPERCONDUCTOR AND NORMAL PHASES
In this section, we study the behavior of the free energy near the critical temperature in the grand canonical ensemble (where the chemical potential is kept fixed) to see the superconductor/normal phase transition. The free energy is given by where S E is the Euclidean on-shell action computed as
where dτ dx 1 ...dx d−2 = V d−2 /T with τ to be the Euclidean time, h ij = diag −f (r), r 2 , ..., r 2 , and n µ = (n r , n i ) = 1/ f (r), − → 0 . Then, the scaled free energy for the superconductor phase is given by
In the normal phase, we have ρ x = 0, and hence the corresponding scaled free energy is given by
By using the solution for φ(z) and ρ(x) obtained the previous sections, one can find the difference of the scaled free energy between the superconductor and normal phases as
We show the difference of the scaled free energy between the superconductor and normal phases in terms of T /T c in the figures 5 and 6. These figures indicate that the superconductor phase has the free energy smaller than the normal phase and hence it contributes dominantly to the thermodynamics. In this way, below the critical temperature the superconductor phase rather than normal phase is thermodynamically favored. In addition, for the positive massive gravity couplings, the superconductor phase with the stronger coupling amplitude or the more massive graviton is more stable. This is because as indicated in the previous section the value of the condensate operator in this case gets larger with the growth of the coupling amplitude and graviton mass, and thus much more energy is needed to break the condensate.
VI. CONCLUSION
In this paper, we have analytically study the effects of massive gravity on p-wave holographic superconductor in the probe limit which the backreaction of the matter fields on the spacetime geometry is ignored. We found that the massive gravity parameters affect significantly on the critical temperature, the value of the order parameter, and the free energy of the superconductor phase, which depends crucially on the sign of the massive gravity couplings. If the massive gravity couplings are positive, it leads to:
• The critical temperature in massive gravity is higher than that in Einstein gravity, whereas the value of the order parameter is smaller compared to the case of massless graviton.
• When the amplitude of the massive gravity couplings and the graviton mass increase, the critical temperature increase, whereas the value of the order parameter gets lower.
These facts suggest that the high temperature superconductors can be achieved in the presence of graviton mass with the proper parameters. In addition, we indicated that for the negative massive gravity couplings, the superconductor phase with the stronger coupling amplitude or the more massive graviton is more thermodynamically favored.
Note added.-When this paper was being finalized, a work recently appeared [39] which studied the p-wave holographic superfluid model in massive gravity, using the numerical method.
